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Abstract
Total travel time t and time delay ∆t between images of gravitational lensing (GL) in the
equatorial plane of stationary axisymmetric (SAS) spacetimes for null and timelike signals with
arbitrary velocity are studied. Using a perturbative method in the weak field limit, t in general SAS
spacetimes is expressed as a quasi-series of the impact parameter b with coefficients involving the
source-lens distance rs and lens-detector distances rd, signal velocity v, and asymptotic expansion
coefficients of the metric functions. The time delay ∆t to the leading order(s) were shown to be
determined by the spacetime mass M , spin angular momentum a and post-Newtonian parameter
γ, and kinematic variables rs, rd, v and source angular position β. When β 
√
aM/rs,d, ∆t is
dominated by the contribution linear to spin a. Modeling the Sgr A* supermassive black hole as
a Kerr-Newman black hole, we show that as long as β . 1.5 × 10−5 [as], then ∆t will be able to
reach the O(1) second level, which is well within the time resolution of current GRB, gravitational
wave and neutrino observatories. Therefore measuring ∆t in GL of these signals will allow us to
constrain the spin of the Sgr A*.
PACS numbers:
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I. INTRODUCING
Nowadays time delay between gravitational lensing (GL) images has become a useful
tool in astrophysics and cosmology. Time delay in GL of compact objects can be used
to constrain their properties including mass and distance to earth, and distinguish black
hole (BH) and naked singularity [1, 2]. For GLs by galaxies or galaxy clusters, time delay
can determine the Hubble parameter, matter density, dark matter substructure and dark
universe parameters [3–9].
The observed GL events are usually from light signals. However, with the observation
of supernova neutrinos [10–13] and gravitational waves (GWs) [14–18], the astronomical
observation entered the multimessenger era. Consequently, the time delays of neutrino
and GW signals can be viewed as important supplements to time delay of light signals.
Compared with time delay of light signals alone, the difference between time delays of light
and neutrinos or light and GW signals can provide stronger constraints on the cosmology
parameters [19–21]. In addition, the time delay of these signals can determine the properties
of test particles like mass ordering of neutrinos and velocity of GW [21–23]. Although it
is known that neutrinos as well as GWs in some gravitational theories beyond General
Relativity have non-zero masses, most of the previous works on their time delay treated
them as null signals [21, 24–26]. It is obvious that time delay applicable to timelike signals
will provide higher accuracy and therefore stronger constraints to spacetime and signal
particle parameters when GWs and neutrinos are used as messengers.
Previously, we showed that the time delay of timelike signals in spherically symmetric
(SSS) spacetimes in the weak field limit is related to the asymptotic expansion coefficients of
the metric functions, including spacetime mass M and post-Newtonian parameter γ etc [27].
However, the black hole (BH) no-hair conjecture implies that in general there exist another
important parameter for BHs and potentially other compact objects, i.e., their spin angular
momentum a. In this work, we will generalize our previous work in the SSS spacetimes to the
time delay in the equatorial plane of arbitrary stationary axisymmetric (SAS) spacetimes.
We will show that the time delay in the SAS case has a significant difference from that of
the SSS spacetimes: the appearance of the spin dependant term at the very leading order.
Applying the result to Kerr-Newman (KN) spacetime, we will show that the time delay
between GL images due to the Sgr A* supermassive BH (SMBH) can be used to constrain
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the SMBH spin. Some other works calculated the Shapiro time delay (or the total travel
time) in specific spacetimes for light signals. Ref. [28], [29], [30] and [31, 32] calculated the
Shapiro time delay in the Reissner-Nordstrom (RN), Schwarzschild, Kerr and KN spacetimes
respectively for light signal. The time delay in the strong field limit was studied in Ref. [2].
The paper is organized as follows. In Sec. II, we use the perturbative method to obtain
the total travel time t in a quasi-series form of the impact parameter for signals with arbitrary
velocities in general asymptotically flat SAS spacetimes. In Sec. III, time delay ∆t between
two GL images is obtained to the leading order(s) using deflection angle that is accurate
to the given order. In Sec. IV, we apply our results in general SAS spacetimes to the KN
spacetime. We then model the Sgr A* SMBH as a KN BH and show how its spin a can be
determined using time delay between different GL images.
II. TOTAL TRAVEL TIME IN SAS SPACETIMES
In this section we compute the total travel time in the equatorial plane of general SAS
spacetimes using a perturbative method, which is essentially a combination and extension
of those used in Refs. [27, 33]. Therefore, we first recap some of the key steps of the
method developed in these works and then calculate in details the total time in general SAS
spacetimes.
We begin with the most general SAS metric, which can be described as
ds2 = −Adt2 +Bdtdϕ+ Cdϕ2 +Ddr2 + Fdθ2, (1)
where (t, r, θ, ϕ) are the coordinates and A, B, C, D, F are metric functions depending
only on r and θ. We choose the spherical coordinates (r, θ) here rather than the cylindrical
ones (ρ, z) since they allow us to reduce to SSS spacetimes by simply setting B = 0 [33, 34].
We assume that the spacetime (1) permits motion of particles in a plane with fixed θ, which
can always be shifted to θ = pi/2 and called the equatorial plane. We then concentrate on
motions in this plane, whose metric after suppressing the θ coordinate is
ds2 = −A(r)dt2 +B(r)dtdϕ+ C(r)dϕ2 +D(r)dr2. (2)
Using this metric, one can routinely obtain the geodesic equations,
t˙ =
2(LB + 2EC)
B2 + 4AC
, (3)
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ϕ˙ =
2(2LA− EB)
B2 + 4AC
, (4)
r˙2 =
[E2 − κA] [B2 + 4AC]− [2LA− EB]2
AD (B2 + 4AC)
, (5)
where κ = 1, 0 respectively for timelike and null rays, and ˙ stands for the derivative with
respect to the proper time or affine parameter. L and E are two constants of motion due
to the independence of the metric functions on ϕ and t respectively. In asymptotically flat
spacetimes, L and E can be interpreted respectively as the angular momentum and the
energy of the massless particle or the unit mass of a massive particles. They can be further
correlated to the impact parameter b of the trajectory and asymptotic velocity v of the
massive particle,
L = (p× r) · zˆ = bv√
1− v2 , E =
1√
1− v2 . (6)
In the massless limit, note that although L and E diverges, L/E = bv still holds. Throughout
the paper, we allow L and b to carry signs: when the initial asymptotic approach of the
signal is anticlockwise (or clockwise) with respect to the lens center, L and b are positive
(or negative).
Using Eqs. (3) and (5), then the total travel time for a signal from source at radius rs to
detector at radius rd is
t =
[∫ rs
r0
+
∫ rd
r0
] √
AD (2LB + 4EC)√
B2 + 4AC
dr√
(E2 − κA) (B2 + 4AC)− (2LA− EB)2
, (7)
where A, B, C, D here are functions of r, and r0 is the closest approach of the trajectory.
Furthermore, setting r˙|r=r0 = 0 in Eq. (5), the angular momentum L can also be solved as
a function of r0
L =
EB(r0) + s
√
[E2 − κA(r0)] [B2(r0) + 4A(r0)C(r0)]
2A(r0)
(8)
where s = +1, − 1 respectively for prograde and retrograde motions of the signal. Note
that in the relativistic limit, v → c and E → ∞, and therefore s = sign(L) = sign(b). In
application to GL observation, the impact parameter b is often preferred over the closest
approach r0. Using Eqs. (6) and (8), we can establish a relation between them, as
1
b
=
2A(r0)
√
E2 − κ−B(r0)E/b
s
√
[4A(r0)C(r0) +B(r0)2] [E2 − κA(r0)]
(9)
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≡ p
(
b,
1
r0
)
. (10)
Here in the last step we defined the right-hand side of Eq. (9) as a function p of both b
and 1/r0. We can formally obtain p(b, x)’s inverse function q(b, x) with respect to its second
argument such that
1
r0
= q
(
b,
1
b
)
. (11)
To carry out the integration in (7), as in Ref. [33], we then do a key change of variable
from r to u which are linked by the relation
1
r
= q
(
b,
u
b
)
. (12)
After some simple but slightly tedious algebra, the various terms in Eq. (7) then becomes
[27, 33]
r0 → 1, rs,d → b · p
(
b,
1
rs,d
)
≡ sin θs,d, (13)√
A(r)D(r)√
B2(r) + 4A(r)C(r)
→
√
A(1/q)D(1/q)√
B2(1/q) + 4A(1/q)C(1/q)
, (14)
2LB(r) + 4EC(r)
2LA(r)− EB(r) →
2bvB(1/q) + 4C(1/q)
2bvA(1/q)−B(1/q) , (15)
2LA(r)− EB(r)√
[E2 − κA(r)] [B2(r) + 4A(r)C(r)]− [2LA(r)− EB(r)]2
→ su√
1− u2 , (16)
dr → − 1
p2(b, q)q2
1
b
du, (17)
where the θs,d defined in Eq. (13), i.e.,
θs,d = arcsin
[
b · p
(
b,
1
rs,d
)]
(18)
are indeed the apparent angles of the signal at the source and detector respectively [33].
p2(b, q) is the derivative of the function p(b, q) with respect to it second argument q, which
is given in Eq. (12). Collecting these terms together, the total travel time (7) becomes
t =
[∫ 1
sin θs
+
∫ 1
sin θd
]
y
(
b,
u
b
) du
u
√
1− u2 , (19)
where
y
(
b,
u
b
)
=
√
A(1/q)D(1/q)√
B2(1/q) + 4A(1/q)C(1/q)
[2bvB(1/q) + 4C(1/q)] sb
2bvA(1/q)−B(1/q)
1
p2(b, q)q2
(u
b
)2
. (20)
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This y (b, u/b) depends on u only through the ratio u/b. Thus, we can expand it with
respect to its second argument to find a series form
y
(
b,
u
b
)
=
∞∑
n=n0
yn(b)
un
bn
, (21)
where yn(b) are the expansion coefficients. The leading index of this series, n0, is determined
by the asymptotic behavior of the metric functions in Eq. (2). If they satisfy the asymptotic
expansion (25), then one can show that n0 = −1. Finally, changing the integration variable
in Eq. (19) from u to ξ by u = sin ξ , the total time delay (19) becomes
t =
[∫ pi
2
θs
+
∫ pi
2
θd
] ∞∑
n=n0
yn (b)
sinn−1 ξ
bn
dξ. (22)
The integrability of this time delay now is clear because the functions sinn−1 ξ can always
be integrated to find
ln(θs, θd) ≡
[∫ pi
2
θs
+
∫ pi
2
θd
]
sinn−1 ξdξ (23)
=

∑
i=s,d
cot θi, n = −1,∑
i=s,d
ln
[
cot
(
θi
2
)]
, n = 0,
∑
i=s,d
(n− 2)!!
(n− 1)!!
pi
2
− θi + cos θi
[(n−1)/2]∑
j=1
(2j − 2)!!
(2j − 1)!! sin
2j−1 θi
 , n = 1, 3, · · · ,
∑
i=s,d
(n− 2)!!
(n− 1)!! cos θi
1 + [(n−1)/2]∑
j=1
(2j − 1)!!
(2j)!!
sin2j θi
 , n = 2, 4, · · · .
Substituting these into Eq. (22), we finally find the formal total travel time in a perturbative
form
t =
∞∑
n=−1
yn (b)
ln
bn
. (24)
A few comments regarding the above procedure and the result (24) are now in order.
Firstly, in expanding y(b, u/b) to series (21), the explicit form of the inverse function q(b, u/b)
of p(b, x) is seemingly needed, while it is not always possible to do so for some even simple
functions. However indeed here the true q(b, u/b) is not really necessary because what we
need is only its expansion and this can be achieved through the Lagrange inverse theorem
using p(b, x) alone. Secondly, the expansion (21) is actually carried out in the small u limit
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as a Laurent series. It can also be viewed as a quasi-series of large b, for which the range
of convergence can be shown to be (bc, ∞). Here bc is the critical impact parameter below
which the particle will not escape to infinity. Mathematically, it is the largest singular b
of the function y(b, u/b). Thirdly, as in the case of SSS spacetime in Ref. [27], here for
any value of the impact parameter inside the range of convergence, the perturbative result
(24) will also be able to reach any desired accuracy if the series is truncated at high enough
order. Furthermore, in the large b limit, the coefficients of the series (24), yn(b), is completely
determined by the behavior of the metric functions in the asymptotic region, as was shown
in Ref. [27, 33].
Next we will compute the first few coefficients yn(b) for asymptotically flat spacetimes
and then the total time (24) in the weak field limit. Metric functions of the asymptotically
flat SAS spacetimes always have an asymptotic expansion of the form
A(r)→ 1 +
∑
i=1
ai
ri
, rB(r)→
∑
i=0
bi
ri
,
C(r)
r2
→ 1 +
∑
i=1
ci
ri
, D(r)→ 1 +
∑
i=1
di
ri
, (25)
where ai, bi, ci, di are constants. Without losing generality, here a1 can be identified with
the minus 2 times the ADM mass M of the spacetime. Substituting (25) into y(b, u/b) in
Eq. (21), yn(b) for n = −1, 0, 1, 2 are easily found to be
y−1(b) =
s
v
, (26)
y0(b) =
a1(1− 2v2) + d1v2
2v3
, (27)
y1(b) =s
[
8a21 − 4a1(c1 + d1)− 8a2 − (c1 − d1)2 + 4c2 + 4d2
8v
+
2b0v(−4a1 + c1 + d1) + 4b1v
8v3
1
b
+
b20
4v3
1
b2
]
, (28)
y2(b) =
b0b
2
+
1
16v7
{−a31 (16v6 + 48v4 + 18v2 + 1)+ a21v2 [2c1 (8v4 + 32v2 + 11)
+d1
(
8v4 + 8v2 − 1)]+ a1 [4a2v2 (8v4 + 20v2 + 5)− v4 (24c21 + 4c1 (2d1v2 + d1)
+8c2
(
2v2 + 7
)− (2v2 + 1) (d21 − 4d2))]+ v4 [−4a2 (4c1v2 + 14c1 + 2d1v2 + d1)
−16a3
(
v2 + 2
)
+ v2
(
24c1c2 − 2c1d21 + 8c1d2 + 8c2d1 + 40c3 + d31 − 4d1d2 + 8d3
)]}
+
1
8bv6
{
a21b0
(
36v4 + 60v2 + 11
)− 2a1v2 [b0 (c1 (20v2 + 26)+ 4d1v2 + d1)
+14b1
(
v2 + 1
)]− 28a2b0 (v2 + 1) v2 + v4 [b0 (12c21 + 4c1d1 + 32c2 − d21 + 4d2)
7
+4b1(8c1 + d1) + 20b2]}+ 3b0 [v
2 {b0(12c1 + d1) + 14b1} − a1b0 (16v2 + 11)]
8b2v5
+
19b30
8b3v4
.
(29)
Here y−1 and y0 agree with the corresponding SSS spacetime result in Ref. [27] and the
parameters containing the spin of the spacetime, including b0,1,2, c1,2,3 and d2,3, only appear
in y1, y2 and orders above. Higher order results can also be found without difficulty but are
not needed in the following calculations and therefore will not be shown. In general, one
can show that these coefficients always take a form
yn(b) =M
n+1
n+1∑
j=−1
yn,j
M j
bj
, n > 2, (30)
where yn,j are polynomials of dimensionless quantities ai/M
i, bi/M
i+2, ci/M
i, di/M
i.
In next section, we will use this total time to compute the time delay between different
images of the GL in the weak field limit. In this limit, we have rs,d  bM and therefore
there will be two small parameters b/rs,d and M/b. Now the factors yn(b) and 1/b
n in series
(24) are already in power forms of M/b. One can straightforwardly expand the only other
factors ln in Eq. (24) into a series of small b/rs,d and M/b too. The result for the first four
ln (n = −1, 0, 1, 2) are
l−1 =
∑
i=s,d
[
s
(
ri
b
− b
2ri
)
+
s
b
c1v
2 − a1
2v2
+
1
b2
sb0
2v
+O
(
b3
r3i
,
Mb
r2i
,
M2
bri
)]
, (31)
l0 =
∑
i=s,d
[
ln
(
2ri
b
)
+
c1v
2 − a1
2v2
1
b
b
ri
+O
(
b2
r2i
,
M2
bri
)]
, (32)
l1 =
∑
i=s,d
[
pi
2
− sb
ri
+O
(
b3
r3i
,
Mb
r2i
)]
, (33)
l2 =
∑
i=s,d
[
1 +O
(
b2
r2i
)]
. (34)
Again, expansion of high order ln are also easy but not necessary in the following computa-
tions.
Substituting Eqs. (26) and (31) into Eq. (24), the total travel time expressed completely
as series of M/b and b/rs,d becomes
t =
∑
i=s,d
{
b
v
[
ri
b
− b
2ri
+
1
b
c1v
2 − a1
2v2
]
+
(d1 − 2a1) v2 + a1
2v3
[
ln
(
2ri
sb
)
+
c1v
2 − a1
2v2
1
ri
]
+
8a21 − 4a1(c1 + d1)− 8a2 − (c1 − d1)2 + 4c2 + 4d2
8v
spi
2
1
b
+
b0
2b
(
1 +
1
v2
)
8
+O
(
M3
b2
,
b4
r3i
)}
. (35)
Note that the i-th (i = 1, 2, 3, 4) term in Eq. (35) originates from the i-th term of Eq. (24)
and we have ignored the order higher than O (M3/b2, b4/r3i ). Clearly, this total travel time
is in a full series form of M/b and b/ri. If higher accuracy than Eq. (35) is needed, then
one only needs to include yn, ln to higher orders and keeping more terms in their expansion.
Moreover, going to higher order will also allow one to study the effect of higher order PPN
parameters on the total time and time delay. Note if we substitute the velocity v to 1 and
the general SSS, RN, Kerr and KN metrics into this total time, then Eq. (107) of Ref. [29],
Eq. (12) of Ref. [28], Eq. (22) (after expansion in the large r/r0 limit) of Ref. [30], Eq.
(20) of Ref. [31] and (27) (after expansion in the large XA,B/b limit) of Ref. [32] will be
produced respectively.
III. TIME DELAY IN GENERAL SAS SPACETIMES
For gravitationally lensed source in the equatorial plane of the SAS spacetime, there will
always be one primary image (comparing to the multiple relativistic images in the strong
field limit [35]) on each side of the lens (see Fig. 1). The apparent angles θb and θt of the
images and the time delay between the images are of interest to astronomy observations.
Using lens equations that are accurate for the SAS spacetimes, in this section we will solve
the image apparent angles and their corresponding impact parameters, from which we can
further solve the time delay. The key result we will show is that the time delay ∆t to
the leading order(s) will only depend on three parameters of the metric expansion (25),
the spacetime mass M , the spacetime spin a and the parameter γ in the parameterized
post-Newtonian (PPN) formalism of gravity.
We first establish the GL equations which link the source’s angular position β and its
apparent angles θt and θb from the top and bottom paths respectively (see Fig. 1). Previously
this was usually done using the deflection angle without the finite distance correction and in
the small angle approximation, β, φ0  1 [36]. However here we would like to use geometric
equations and deflection angle that are as accurate as possible. To do this, we first link β
to φ0 in Fig. 1. Using the triangles 4SLA and 4SDA, we have a relation
(rd + rs cosφ0) tan β = rs sinφ0. (36)
9
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φ0 β
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bb
FIG. 1: The GL in an SAS spacetimes. S, L, D are the source, lens and detector respectively. bt
and bb are the impact parameters for the top and bottom paths. The spin angular momentum of
the lens in this illustration is anticlockwise. We choose the sign ε = sign(φ0) = sign(β) = +1 (and
−1) when φ0 and β are counterclockwise (and clockwise) against the observer-lens axis.
The φ0 then can be connected to both the impact parameters bt from the top side and
bb from the bottom side through the change of the angular coordinate ∆ϕ(bb,t) from the
corresponding side
± pi + φ0 = ±∆ϕ(bb,t) (37)
where upper sign “+” (or lower sign “−”) is for the subscript b (or t). ∆ϕ(bb,t) to the leading
non-trivial order in an SAS spacetimes were found in Ref. [33] (see also [37]) as
∆ϕ(bb,t) ≈ pi + d1v
2 − a1
2bb,tv2
− bb,t
(
1
rs
+
1
rd
)
. (38)
This ∆ϕ(bb,t) takes into account the finite distance effect of the source and detector and there-
fore provides a natural way to involve the source and lens distances into the GL equation.
Note that (38) ignores the terms of order O(M2/b2, b2/r2s,d) or higher, whose contribution
to the final time delay is negligible.
Solving Eqs. (37)-(38), we can solve the impact parameters bb,t, linking them to rs,d and
φ0
bb,t =
√
(d1v2 − a1)rdrs
ηv2(rd + rs)
[
ε±
√
η + 1
]
, (39)
where ε = sign(φ0) = sign(β) and
η =
4(d1v
2 − a1)(rd + rs)
φ20v
2rdrs
. (40)
Once bb,t is known, one can immediately obtain the apparent angle of the image though
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relation (18) as
θb,t = sin
−1
[
bb,t · p
(
bb,t,
1
rd
)]
. (41)
For the time delay between the images from two sides, substituting bb,t into Eq. (35) and
subtracting each other, we obtain
∆t =
√
η + 1
η
· 2ε (d1v
2 − a1)
v3
+
(d1 − 2a1) v2 + a1
v3
ln
(√
η + 1 + 1√
η + 1− 1
)
+
εpi
√
rs + rd
4
√
η(d1v2 − a1)rsrd
[
8a21 − 4a1(c1 + d1)− 8a2 − c21 + 2c1d1 + 4c2 − d21 + 4d2
]
+
√
η + 1
η
· 2b0v
√
(rs + rd)√
(d1v2 − a1)rsrd
(
1 +
1
v2
)
+O
(
φ0
√
M3
rs,d
, φ40rs,d
)
. (42)
The four terms in this equation are respectively from the first to fourth term of Eq. (35)
and we only keep the results of order O
[
(1 + 1/η)
√
M3/rs,d
]
or lower. Similar to the SSS
case in Ref. [27], the contributions from the first two terms in Eq. (42) dominate the
third term when η  1, i.e. |φ0| 
√
M/rs,d. On the other hand, when η  1, i.e.
|φ0| 
√
M/rs,d, the first term will be much larger than the second and third terms. Unlike
the SSS spacetime, the fourth term of Eq. (42) is new because of the appearance of the spin
angular momentum b0 in the SAS spacetime. A comparison of the fourth term with the first
three terms immediately tells that when
η  rs,d
M
· M
2
b0
, i.e. |φ0|  M
rs,d
(
b0
M2
)1/2
, (43)
the former will be much larger than the latter. Since the fourth term is linear in b0, this
implies that when condition (43) is satisfied, the time delay will critically depend on the
spacetime spin. In Sec. IV, we will use this time delay to constrain the spin of the Sgr A*
SMBH.
Combining all these analysis, we see that in the entire parameter space spanned by
(M/rs,d, φ0), the time delay can be well approximated by the first, second and fourth terms
of Eq. (42). On the other hand, since the angle β is more readily linked to GL observables
than φ0, it is also desirable to obtain a time delay expressed in terms of β. To do this,
we can directly use Eq. (36) to replace φ0 by β and obtain the time delay to the leading
order(s)
∆t =
√
η(β, v) + 1
η(β, v)
· 2ε (d1v
2 − a1)
v3
+
(d1 − 2a1) v2 + a1
v3
ln
(√
η(β, v) + 1 + ε√
η(β, v) + 1− ε
)
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+√
1 + η(β, v)
η(β, v)
· 2b0v
√
(rs + rd)√
(d1v2 − a1)rsrd
+O
(
β
√
M3
rs,d
, β4rs,d
)
(44)
where
η(β, v) =
4(d1v
2 − a1)rs
β2v2(rs + rd)rd
. (45)
Similarly, the previous discussion about the dominance of each term(s) in Eq. (42) according
to the relation between M/rs,d and φ0 can also apply to the parameters M/rs,d and β in Eq.
(44). In Fig. 2 we plot the partition of parameter space spanned by (M/rs,d, β) according
to the relative size of each term of Eq. (44). In region (A), the 3rd term > the 1st term
> the 2nd term, while in region (B) the 3rd term > the 1st term ≈ the 2nd term, and in
region (C) the 1st term ≈ the 2nd term > the 3rd term. Eq. (44) is one of the key result
of this paper. Only three parameters from the spacetime metric expansion (25), a1, b0 and
d1, appear in it. As known to general SAS spacetimes, they are simply equivalent to the
ADM mass M , spin angular momentum a of the spacetime and the γ parameter in the PPN
formalism of gravity [38, 39]
a1 = −2M, b0 = −4aM, d1 = 2γM. (46)
Therefore we conclude that to the leading order(s), the time delay ∆t are determined by, in
addition to kinematic variables rs,d, β, v, these three parameters of the spacetime.
The time delay (44) applies to signals of all velocity. For relativistic timelike signals, in
order to see more clearly the effect of velocity, we can expand ∆t around the speed of light.
The result to the first non-trivial order is
∆t(v → 1) =∆t(v = 1)
+
{
2ε [d1 (η(β, 1) + 1)− a1 (2η(β, 1) + 1)]
η(β, 1)
√
η(β, 1) + 1
+
[
(a1 + d1) ln
(√
η(β, 1) + 1 + ε√
η(β, 1) + 1− ε
)
+
2εa1√
η(β, 1) + 1
]
+
4b0 [a1 + d1 (η(β, 1) + 1)]
√
rd + rs
(d1 − a1)3/2
√
η(β, 1) [η(β, 1) + 1] rdrs
}
(1− v) (47)
≡ ∆t(v = 1) + ∆tc−v. (48)
Here we define ∆tc−v as the deviation of the timelike signal’s time delay from that of the null
signal. ∆tc−v has a particular advantage in GW/GRB dual lensing: because it is independent
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(A) (B)
(C)
M
ri
β
FIG. 2: The partition of the parameter space spanned byM/rs,d and β. The regions (A) and (B) are
separated by curve β ≈ √M/rs,d, and (B) and (C) by β ≈ √b0/rs,d. The relation b0/M2 . O(1)
is implicitly assumed.
of the GW and GRB emission time difference and therefore can be used to constrain the
GW speed [21, 23].
IV. TIME DELAY IN KN SPACETIME AND THE SPIN OF SGR A* SMBH
We now apply the time delay (44) to the KN spacetime and use it to constrain the spin of
the Sgr A* SMBH. We will first find out the time delay in KN spacetime and then substitute
values of necessary parameters associated with Sgr A* to show how the time delay is related
to various parameters, especially the spacetime spin angular momentum.
The metric of the KN spacetime is given by
ds2 =− ∆− a
2 sin2 θ
Σ
dt2 +
(a2 + r2)2 − a2∆ sin2 θ
Σ
sin2 θdφ2 − 2a sin
2 θ(a2 −∆ + r2)
Σ
dtdφ
+
Σ
∆
dr2 + Σdθ2, (49)
where
Σ(r, θ) = r2 + a2 sin2 θ, ∆(r, θ) = r2 − 2Mr + a2 +Q2 (50)
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and M, Q, a = J/M are respectively the total mass, total charge and the specific spin
angular momentum of the spacetime. From this, one can immediately read off the metric
functions in the equatorial plane and consequently find their asymptotic expansions in the
form of Eq. (25) with coefficients
a1 = −2M, a2 = Q2,
b0 = −4aM, b1 = 2aQ2,
c2 = a
2, c3 = 2a
2M,
d1 = 2M (i.e. γ = 1), d2 = 4M
2 − a2 −Q2, d3 = 4M
(
2M2 − a2 −Q2)
(51)
and all other coefficients equal to zero. Substituting these into Eq. (44), the time delay in
KN spacetime becomes
∆tK =
√
ηK + 1
ηK
· 4εM(1 + v
2)
v3
+
2M (3v2 − 1)
v3
ln
(√
ηK + 1 + ε√
ηK + 1− ε
)
−
√
ηK + 1
ηK
· 4a
√
2(1 + v2)M(rs + rd)
v
√
rsrd
+O
(
β
√
M3
rs,d
, β4rs,d
)
, (52)
where
ηK = ηK(β, v) =
8M(1 + v2)rs
β2v2(rs + rd)rd
. (53)
Note that the charge Q appears only in the third term in Eq. (35), which is at least an
order
√
M/rs,d smaller than the first and/or second terms and consequently is negligible
in Eq. (52). Most importantly, it is seen that as pointed out in Sec. III, when β → 0,
ηK(β, v)→∞ and the third term in Eq. (52) dominates
∆tK(β → 0) ≈ −4a
√
2(1 + v2)M(rd + rs)
v
√
rdrs
+O
(
aM
rs,d
)
, (54)
which is linear to the spacetime spin a.
For long time, the spin of the Sgr A* has not been well constrained due to the relatively
low accretion rate comparing to many other SMBHs [40]. In this work we model the Sgr A*
SMBH as a KN BH with GL happening in its equatorial plane. The signal sources can be
stars for light signal, binary mergers for GWs and supernovas for neutrinos. In particular,
one can verify easily from Eq. (52) that when other parameters (rd, v, M, a) are fixed
and β is small, the smaller the rs, the larger the time delay. Therefore it is advantageous
to consider sources that are as close to the BH as possible and which still allow the weak
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field limit to hold. Such sources at least include some stars in the S star category near
the Sgr A*, such as the star S39 whose orbit has an edge-on inclination of 89.36 ± 0.73◦
with respect to the plane of the sky [41]. Using the orbit data of S39, we can find that its
rs ≈ 1.113× 10−3 [pc] ≡ rS39 when it is on far side of the SMBH.
|Δt|
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2nd-3rd
10-8 10-6 10-4 0.01 110-3
10-1
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103
105
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Δt[s]
Δt 2nd
1st 3rd
-1.5 -1. -0.5 0. 0.5 1. 1.5-4
-3-2
-10
1
β [10-5As]
Δt[s]
(a) (b)
β [as] 10-8 10-7 10-6|Δt|-3rd
10-3 10-2 10-1 10010-4
0.001
0.010
0.100
1
a/M
Δt[s]
+++++++++++++++++++++++++
β 10-8 [as]Δt+ 3rd
-1 0 1-2
-1
0
1
2
a/M
Δt[s]
+++++++++++++++++++++++++
β 10-7 [as]Δt+ 3rd
-1 0 1
a/M
+++++++++++++++++++++++++
β 10-6 [as]Δt+ 3rd
-1 0 1
a/M
(c) (d)
FIG. 3: The time delay (52) for the KN spacetime as a function of β ((a) logarithmically and (b)
linearly), a ((c) logarithmically and (d) linearly). The “1st, 2nd” and “3rd” stand for corresponding
terms of Eq. (52). In plot (c), the 3rd term depends on β very weakly and therefore the solid
curves overlap for different β. In plot (d), the 3rd term dominates ∆t when β is small and therefore
the “+” lines slightly overlap the solid ∆t lines.
In Fig. 3, we plot the total time delay (52) and each term of it for the Sgr A*, using
values of parameters M = 4.1 × 106M, rd = 8.12 [kpc] and Q 6 3 × 108 [C] [40]. In
Fig. 3 (a) and (b), we plot the time delay logarithmically for |β| < 10 [as] and linearly
for |β| < 10−5 [as] respectively using value of a = 0.71M for a source that is located at
radius rS39 for light signal (v = 1). This value of a is the mean value of its currently favored
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range [0.5M, 0.92M ] [40]. It is clear that when |β| . 10−3 [as], the third term of Eq. (52)
depends on β very weakly. More importantly, when |β| . 1.5× 10−5 [as], this term is larger
than the first and second terms and therefore dominates the total time delay. While for
1.5× 10−5 . |β| . 10−3 [as], the first and second terms will be of similar size which is much
larger than the third term. When |β| & 10−3 [as], the first term will be larger than the
second and third terms.
To see more clearly the effect of the spin a on the time delay, in Fig. 3 (c) and (d),
the time delay are plotted logarithmically and linearly respectively for three values of β
(10−8 [as], 10−7 [as] and 10−6 [as]) for a from −2M to 2M for light signal. Although it
is generally believed that the spacetime in the Galaxy center is a BH rather than a naked
singularity, the time delay formula found in this work can work for both BH and naked
singularity spacetimes. It is seen that when |β| < 10−6 [as], the time delay due to the spin
of the spacetime will dominate the total time delay for |a| & 0.2M . The smaller the β, the
larger the range of |a| in which the spin term dominates. In general, for |β| < 10−6 [as], it
is seen that the time delay depends on the value of a/M linearly, which reaches about 2.0
second at a/M = 1 for the given parameter setting, as dictated by Eq. (54). This value is
well within the reach of current observatories for GRB, GW [17, 18] or supernova neutrino
signals [22, 42]. By measuring this time delay, therefore the spin of the corresponding Sgr
A* SMBH can be deduced. We emphasis that this linear dependance of the time delay on
spin a for small β is not limited to light signals. From Eq. (54), we see clearly that the
linear dependance is present in the time delay of signals with any fixed velocity, including
that of GWs and neutrinos.
Indeed, for relativistic timelike signals such as supernova neutrinos and massive GWs, as
can be seen from Eq. (47) their time delay will be very close to that of the light signal. The
difference of the GW time delay and that of the GRB has been proposed to constrain the
GW speed [19, 21]. However, a simple order estimation reveals that this difference, ∆tc−v
in Eq. (47), is much smaller than the main time delay ∆t(v = 1), especially when v is very
close to 1 as for supernova neutrinos [43] and GWs [16–18]. For KN spacetime, substituting
the coefficients (51) into the ∆tc−v in Eq. (47), one obtains the time delay difference
∆tc−v =
{
4εM [3ηK(β, 1) + 2]
ηK(β, 1)
√
ηK(β, 1) + 1
− 4εM√
ηK(β, 1) + 1
+
2a [ηK(β, 1) + 2]
√
M(rd + rs)√
ηK(β, 1) [ηK(β, 1) + 1] rdrs
}
(1−v)
(55)
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with ηK(β, 1) given in Eq. (53) with v = 1. Simple order analysis shows that according to
the values of β2rs,d, a
2/rs,d and M , there will be three cases for the dominance of term(s)
of Eq. (55) and the value of ∆tc−v. When (1) β2rs,d < a2/rs,d, the third term of Eq. (55)
dominates and ∆tc−v is roughly a constant, 2a
√
M/rs,d. If (2) a
2/rs,d < β
2rs,d < M , the first
and second terms contribute similarly and ∆tc−v will be 2β1(2Mrs,d)1/2. If (3) β2rs,d > M ,
then the first term contribute most to ∆tc−v, which approximately is β2rs,d. The later two
cases are similar to the SSS case in which there is no spin angular momentum [23].
101
10-15
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108
t c
-v
[s
]
10-2
10-10
106
(2)
[As] D [k
pc]
10-5
10410-5
102
(1)
10-8 100
FIG. 4: The time delay difference (55) for the KN spacetime as a function of β and rs = rd = D for
a GW with speed v = (1− 3× 10−15)c. The red and blue curves are plotted using β2rs,d = a/rs,d
and β2rs,d = M .
In Fig. 4, we plot ∆tc−v between time delays of light signal and a timelike signal with
velocity v = (1 − 3 × 10−15)c as a function β and rs = rd = D. The 3 × 10−15c is the
maximal deviation that GW speed can get from the speed of light [17, 18]. The above three
cases of dominance are then separated by the red and blue curves, which are plotted using
β2rs,d = a/rs,d and β
2rs,d = M respectively. As discussed above, in the regions below the
red curve (or above the blue curve), the third term (or first term) dominates the time delay
difference of Eq. (55). While in the region between the two curves, the first and second
terms contribute similarly. Given that the time resolution of current GRB and GW can
roughly reach the 0.05 [s] and 0.002 [s] [18] level respectively, from Fig. 4 we observe that
in order to obtain ∆tc−v that is larger than these resolutions, the parameters β and rs,d
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should be in case (3), well beyond the case (1) in which the spacetime spin plays a role.
Therefore we can conclude that for the current or near future GRB and GW time resolution,
the spin angular momentum will not affect the detectable time delay difference between the
two kinds of signals in the weak field limit.
V. CONCLUSION AND DISCUSSIONS
It is shown using a perturbative method that the total travel time for both timelike and
null signals in the asymptotically flat SAS spacetimes can be expressed as a quasi-series of
the impact parameter. The n-th order coefficient of this series is determined by coefficients
up to the n-th order of the asymptotic expansion of the metric functions. Solving the
impact parameters for both the GL images, we can obtain the time delay between them to
the leading order(s) of M/rs,d and β for signals with general velocity. Dominance of different
terms in the parameter space spanned by (M/rs,d, β) is analyzed. One particular interesting
case is when β is very small. The time delay in this case then depends on the spacetime
spin angular momentum a linearly (see Eq. (54)). For Sgr A* and typical values of a (e.g.
a = 0.71M), ∆t can reach the O(1) [s] order for β . 10−5 [as], well within the precision of
time measurement for GW, GRB or neutrinos events. Therefore this time delay might be
used to constrain the spacetime spin very precisely.
Although we mainly applied the time delay to Sgr A*, in principle it can also be applied
to other systems, including BHs with regular mass inside the Galaxy, or other SMBHs in
nearby galaxy centers. The latter are farther from us than Sgr A*, and we see that the
time delay (54) will also be larger by a factor of
√
rSMBH/rSgr A∗. This will ease the time
measurement to allow larger uncertainty of the events.
We also emphasis that both the total time (24) and the time delay (44) are applicable
to general asymptotically flat SAS spacetimes. Keeping higher orders in M/b and/or b/rs,d
than Eqs. (24) and (44), higher order coefficients in the metric functions will affect the total
time or time delay. Therefore by measuring the time delay to the necessary accuracy, these
coefficients, which are often of great interest to many alternative gravitational theories [44],
can be constrained.
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